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We propose a generation of a low-noise state of optomechanical oscillator by a temperature de-
pendent force. We analyze the situation in which a quantum optomechanical oscillator (denoted
as the membrane) is driven by an external force (produced by the piston). Both systems are em-
bedded in a common heat bath at certain temperature T . The driving force the piston exerts on
the membrane is bath temperature dependent. Initially, for T = T0, the piston is linearly coupled
to the membrane. The bath temperature is then reversibly changed to T 6= T0. The change of
temperature shifts the membrane, but simultaneously also increases its fluctuations. The resulting
equilibrium state of the membrane is analyzed from the point of view of mechanical, as well as
of thermodynamic characteristics. We compare these characteristics of membrane and derive their
intimate connection. Next, we cool down the thermal noise of the membrane, bringing it out of
equilibrium, still being in the contact with heat bath. This cooling retains the effective canonical
Gibbs state with the effective temperature T ⋆. In such case we study the analogs of the equilibrium
quantities for low-noise mechanical states of the membrane.
I. INTRODUCTION
A preparation of low-noise and coherent quantum
states of a broad class of macroscopic mechanical sys-
tems is currently a bottleneck of quantum opto-electro-
mechanics [1]. A preparation of quantum mechanical co-
herent states of mirrors, membranes and nanostructures
by coherent optical and microwave driving is available
[2]. Recently, the motion of levitating nanospheres is ap-
proaching quantum mechanical ground state [3]. To pre-
pare a mechanical state with large coherent amplitude
and low thermal noise, the current methods use simulta-
neous cooling of the mechanical oscillator and large inten-
sity coherent states of light or microwave field. Coherent
state of light or microwave radiation simply drive me-
chanical system to a coherent mechanical state [4]. Opti-
cally driven nonlinear mechanisms can also generate self-
oscillations interpreted as mechanical lasing [5]. All these
processes are very different from the ones in a shot-noise
limited laser, where thermal fluctuations of environment
generate a high-quality coherent state due to a nonlinear-
ity of saturable lasing mechanism [6]. Thermal classical
noise, pumping the laser, can be converted to low-noise
coherent states of light with a variance of electric field
fluctuations invariant over a phase for an arbitrary am-
plitude. It is an autonomous process without any use of
other coherent source that qualifies laser as a primary
source for many applications in metrology, nonlinear op-
tics, quantum optics and quantum communication. It
can be stimulating for a development of a mechanical
system autonomously generating low-noise coherent state
from thermal fluctuations of an environment, rather than
from optical or microwave coherent pump. In this case,
light can be used only to independently measure charac-
teristics of thermally excited coherent quantum mechan-
ical oscillator.
Thermal expansion can be an obvious candidate to pro-
vide a small displacement of tiny mechanical system by
heating [7]. Thermal expansion is a tendency of a solid,
liquid or gas to change its dimensions in response to a
change in temperature and it is characterized by a co-
efficient of thermal expansion. Heat can also produce
mechanical changes indirectly, for example, through See-
beck thermoelectric effect [8], magneto-Seebeck effect [9],
spin-Seebeck effect [10], or photo-thermal effect [11]. For
majority of matter, liquid or gas systems, the length L
at T0 increases about ∆L by temperature difference ∆T ,
typically linearly ∆L/L = α∆T to a first approxima-
tion. The process is overdamped, loosing quickly ther-
mal energy to a reservoir. However, the system is simul-
taneously heated by higher temperature T0 +∆T of the
reservoir, which increases a Brownian noise in the pro-
cess. The noise with a small amplitude is then displacing
position of tiny microscopic high-quality mechanical os-
cillator, membrane or nanoobject. In this ideal limit,
any back action of the oscillator on the process can be
neglected. A larger temperature difference ∆T means si-
multaneously also the larger variance of Brownian noise
in the process. This reduces the quality of the oscil-
lator. It is therefore principally important to find the
optimal overall performance of such thermomechanical
process which is prospective for an autonomous steady-
state generation of mechanical coherent states.
We analyze the situation in which an optomechanical
oscillator, our system under study, is linearly coupled to
another external system, the thermomechanical piston.
We use this term motivated by a gedanken experiment
with a gas chamber and piston depicted in Fig. 1. In
general, it can be any temperature-dependent actuator
based on different physical principle. The piston drives
the membrane by a constant force, parametrically depen-
dent on the heat bath temperature T surrounding both
the membrane and the piston. By changing the heat
bath temperature the driving changes the average posi-
2FIG. 1. Schematic of the analyzed opto-thermo-mechanical
setup. The optomechanical membrane and the thermome-
chanical piston are both embedded in a heat bath with the
coupling strength γM at temperature T . At some reference
temperature T0 the thermomechanical piston has a length
L, setting some reference equilibrium position 〈X〉 = 0 of
the membrane (with mass m and angular frequency ω). By
changing the bath temperature T we shift the equilibrium po-
sition of the membrane to 〈X1〉 = 0 due to the piston thermal
expansion. The light field serves merely for readout of the
membrane state and potentially, to cool the membrane down
as is discussed in the Appendix.
tion of the membrane, as well as fluctuations are added
due to the membrane coupling to the heat bath. We use
light only to independently monitor statistical changes
of mechanical motion and confirm our mechanical and
thermodynamic prediction. The read out of mechanical
position and momentum can be done by standard meth-
ods of quantum optomechanics [12].
We have found that the process described above can be
capable (for realistic values of the relevant parameters)
to prepare a low-noise, displaced thermal state just by
reversibly manipulating a single macroscopic parameter,
namely the bath temperature T . By the low-noise state
we denote a state with larger average position squared
than its position variance caused by a change of some
external parameter. Such behavior is quantified by the
Signal-to-Noise Ratio (SNR) of the position. The only
externally controlled parameter that is changed in our
model is the heat bath temperature T . It is known that
one can drive the membrane by means of other determin-
istic parameter different from temperature T , in order to
reach high SNR, but characterization of the T -dependent
driving is missing. We show that the relevant variables
describing our model will behave qualitatively differently
in the case of T -dependent driving as compared to the
case of T -independent parametric driving. The change
of the temperature T brings the membrane into a new
thermal equilibrium state. We study the properties of
this state from the mechanical point of view as well as
from the thermodynamic point of view. The temperature
dependent displacement of the average position changes
the potential energy of the membrane linked to the first
moment of the position, hence, has a direct connection
to the work done on the membrane. The second moment
of the position is changed as well, being connected to the
heat supplied to the membrane. We show a direct con-
nection between the work and the mechanical SNR of the
position. This connection naturally arises, as well, in the
thermodynamic analysis. The temperature dependent
SNR modifies some of the thermodynamic potentials de-
scribing the membrane by additional T -dependent terms.
Thus, the T derivatives of these quantities are modified
with respect to the case of membrane driven by temper-
ature independent constant force. We discuss the impact
on the membrane heat capacity c(T ) and the dependence
of the obtained results on the used measurement method.
Our results are based on probably the simplest (linear)
model of situation described by the temperature depen-
dent Hamiltonian.
The paper is structured in the following way. Sec-
tion (II) describes the used model of the membrane and
the transformation of the membrane state the piston does
by means of the heat bath temperature T change. In Sec-
tion (III) we analyze the connection between the statis-
tical moments of the membrane position and their con-
tribution to the different forms of the potential energy,
as well as the connection of SNR and the average to-
tal energy of the membrane. Section (IV) describes the
membrane by thermodynamic potentials and the rela-
tions between them in the presence of the temperature
dependent drive by the piston. Section (V) concludes the
results of the analysis and suggests further research.
II. THE MODEL
We model our system, denoted as the optomechanical
membrane, as a quantum harmonic oscillator with the
Hamiltonian Hˆ0,
Hˆ0 =
Pˆ 2
2m
+
mω2
2
Xˆ2. (1)
The membrane is linearly driven by an external thermo-
mechanical system, denoted as the piston, through the
interaction Hamiltonian HˆI(T ),
HˆI(T ) = −f(T )Xˆ, (2)
where f(T0) = 0, for some fixed reference temperature
T0. The total Hamiltonian determining the dynamics of
the membrane, Hˆ(T ) = Hˆ0 + HˆI(T ), thus reads
Hˆ(T ) =
Pˆ 2
2m
+
mω2
2
[
Xˆ −
f(T )
mω2
]2
−
f(T )2
2mω2
, (3)
where we explicitly assume throughout the paper that the
membrane frequency ω is kept constant. Furthermore we
assume that the membrane is weakly coupled to a heat
bath at temperature T , which thermalizes the membrane
3into the canonical state with respect to the eigenbasis of
Hˆ(T ).
We will analyze the following transformation. We
switch on the temperature dependent interaction,
HˆI(T0), at some initial temperature T0, keeping the posi-
tion of the potential minimum and the zero energy level,
see Fig. 2, unchanged with respect to the Hˆ0, Eq. (1).
The membrane with the bare Hamiltonian Hˆ0 at T = T0
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FIG. 2. Sketch of the model assumed in the main text. (a)
The harmonic oscillator (membrane) in contact with a heat
bath (temperature T0, orange) is described by the Hamilto-
nian Hˆ0, Eq. (1), initially. After switching on the temperature
dependent interaction, HˆI(T0) = −f(T0)Xˆ with the external
piston, at this temperature T0, (b) we change the tempera-
ture of the heat bath to T > T0, as indicated (red). The
quadratic potential shifts horizontally (new equilibrium po-
sition), as well as vertically (new ground state energy), cf.
Eq. (3). Alternativelly, we can switch on an external cooling
( see the main text) to bring the membrane to the state with
an effective temperature T ⋆ (blue), Eq. (B7).
is taken as a reference with respect to the position and
value of the potential minimum.
Subsequently, we change the bath temperature from
T0 to T , thus shifting the membrane position (the square
bracket term in Eq. (3)) and the energy offset (the last
term in Eq. (3)) with respect to the reference state. This
change in temperature also regulates intensity of ther-
mal noise acting on the membrane. By heating, the
membrane can be pushed further from the initial aver-
age position, increasing the stored elastic energy, but at
the same time, the uncertainty of membrane position in-
creases. This trade-off is the key effect, which will be
analyzed from both the mechanical and thermodynamic
point of view. In another words, the temperature depen-
dence of f(T ) establishes the interconnection between the
membrane coherent shift and absorbed heat due to the
change of T . Any external T -independent drive shifts
the membrane as well, thus is capable of creating a low-
noise (high SNR) mechanical state, but one needs at least
one more independent parameter. We study the conse-
quences of the assumption that change of T shifts the
membrane and changes its fluctuations jointly, thus be-
ing the only external parameter that is changed.
From a general perspective, the present scenario
belongs to a broad class of models with effective
temperature-dependent Hamiltonians (or energy levels)
[13], [14]. In such models, first discussed in detail
in Refs. [13], the temperature-dependence of effective
Hamiltonians occur due to a partial averaging over pos-
sible microstates of a large equilibrium systems. Con-
trary to this, in our case, the temperature dependence
explicitly enters Hˆ(T ) through the external driving force
exerted by the expanding thermomechanical device. The
model in Eq. (3) can be regarded as a temperature de-
pendent analogy of the situation encountered in [15].
III. MECHANICAL CHARACTERISTICS
As outlined above, we are primarily interested in quan-
tifying the trade-off between the elastic (or coherent) en-
ergy stored in the membrane as compared to the amount
of noise it gains from the thermal bath. Both aspects
are to be discussed in thermal equilibrium, which is the
simplest situation that could be realized experimentally.
The mechanical point of view allows for access (through
an appropriate measurement) to the statistical moments
of X and P of the membrane (hats are omitted in the
following).
The thermal equilibrium state is given by the Hamil-
tonian (3), cf. Eq. (A1). According to the current exper-
imental realizations [1, 15] the high temperature limit,
kBT ≫ ~ω, is assumed in the rest of the paper. In this
limit, the average values and variances of the membrane
variables are
〈P 〉 = 0, 〈X〉 =
f(T )
mω2
, (4)
Var(X) =
1
m2ω2
〈P 2〉 =
kBT
mω2
, (5)
where 〈·〉 represents the averaging over the equilibrium
Gibbs state for a given temperature T and given cou-
pling f , Eq. (3). Larger value of average position can
be reached for smaller mass m and smaller angular fre-
quency ω of the membrane. Note that the variances in
Eq. (5) do not depend on the piston driving f(T ). They
remain the same as for equilibrium mechanical oscillator
without any external force. From the mechanical point
of view, using Eq. (5), we can also define contributions of
different origin to the average value of the potential en-
ergy part of the Hamiltonian (3). Namely, the coherent
part of the potential energy Ecohp originating from the
powers of 〈X〉 and the incoherent part of the potential
energy Eincp originating from the Var(X) term
Ecohp = −
mω2
2
〈X〉2, Eincp =
mω2
2
Var(X). (6)
This terminology comes from quantum limit of the co-
herent mechanical states [4]. If the system in the ground
state is shifted by deterministic force towards a coherent
quantum state with minimal Var(X) =Var(P ), only co-
herent part of energy increases. From the result of Eq. (5)
we see, as well, that in principle the coherent shift of the
membrane position mean value (the signal) can change
faster with the temperature T compared to the linear T
dependence of the variance (the noise) of X . Their ratio
4can thus increase above unity when the temperature T is
changed. These facts are captured by the T -dependent
quantity, the signal to noise ratio (SNR), defined for the
equilibrium membrane state. Taking Eqs. (4)-(5), we ob-
tain
SNRX(T ) =
〈X〉2
Var(X)
=
f(T )2
kBTmω2
. (7)
We assume the linear temperature dependence
f(T ) = κα(T − T0), (8)
where α > 0 is some temperature independent coeffi-
cient of thermal expansion [15], and κ characterizes the
strength of the mutual membrane piston coupling. The
SNR can then be written as
SNRX(T ) =
T0κ
2α2
kBmω2
(θ − 1)2
θ
, θ =
T
T0
. (9)
The SNRX(T ), Fig. 3, describes how the quadratic dis-
placement (the first moment) and the variance (the sec-
ond moment) of the equilibrium state relatively change
with the temperature. Apparently, larger SNRX(T ) can
be reached for smaller mass and smaller frequency, sim-
ilarly to the mean position, Eq. (4). The simple form
of Eq. (7) shows two options for increasing SNRX(T )
above unity, meaning that the squared coherent shift is
dominating over the variance increase. Thus, by manip-
ulating the membrane surroundings temperature, while
assuming the parametric T dependence of the Hamil-
tonian (3), we can increase the squared coherent shift
more than we add the thermal noise into the membrane.
The first option, pushing, is to increase the temperature
T > T0, while increasing the average position squared
〈X〉2 and increasing the Var(X), as well. The second
option, pulling, is to decrease the temperature T < T0,
while again increasing the average position square 〈X〉2
and decreasing the Var(X), Fig. 3. An obvious asymme-
try of SNRX(T ) is due to the fact that the nominator of
Eq. (9) increases symmetrically for T 6= T0, i.e. the mem-
brane shift is the same whether we increase or decrease
the temperature, while the denominator is a monotoni-
cally increasing function of T , i.e., the higher the tem-
perature the larger the variance of X . Both motions
can be used to reach low-noise mechanical displacement,
while pulling shows to be the preferable option. It is
however at a cost of cooling the environment, which can
be more demanding than heating it up. Note, that the
assumption of the T -independent driving, f 6= f(T ), dic-
tates SNRX(T ), Eq. (7), being inversely proportional to
T . Thus, for T -independent driving, one can also reach
(low-noise) state with 〈X〉2 higher than Var(X), increas-
ing the SNR. But for the temperature increase the SNR
will drop down in contrast to our T -dependent case.
When the piston drives the membrane, its position is
changed with respect to the potential energy part of H0,
Eq. (1). This corresponds to the change in the membrane
potential energy with respect to H0, as well as change in
SNRX(T)
1012 X
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FIG. 3. The plot of the signal to noise ratio, Eq. (7) and the
rescaled average position 1012 〈X〉, Eq. (4), dependence on θ,
Eq. (9). We used the model (8) and the following values [15],
α ≈ 10−12 m/K, mω2 ≈ 104 kg/s2, κ/mω2 ≈ 10−2, T0 ≈
102 K. The non-monotonic and assymetric behavior shows
that one has two options to increase the SNRX(T ) above the
desired value SNRX(T ) = 1. One can either increase the tem-
perature ratio θ > 1 (pushing), thus increasing the denomina-
tor in Eq. (7) linearly as opposed to the quadratic increase of
the nominator. Even more advantageous option it to decrease
the temperature ratio θ < 1 (pulling), in which the denomi-
nator decreases linearly, while the nominator again increases
quadraticaly due to its symmetry .
the average value of the total Hamiltonian 〈H(T )〉
〈H(T )〉 =
〈P 2〉
2m
+
mω2
2
〈X2〉 − f(T )〈X〉. (10)
After some manipulations we obtain simple relation be-
tween the membrane total average energy and high T
limit (7) of SNRX(T ) as
〈H(T )〉 = kBT
[
1−
SNRX(T )
2
]
. (11)
Equation (11) shows that by increasing SNRX(T ) ≥ 0
we always decrease the total average energy of the mem-
brane. The second term in the square brackets of Eq. (11)
arises from the combination of the terms containing the
first moment of the membrane position. This can be
seen using the standard relation between the variance,
the first, and the second statistical moment of X . The
case in which SNRX(T ) ≥ 1 shows that the square of
the first moment 〈X〉 has increased above the position
variance Var(X). Thus, the overall energy reduces be-
low kBT/2 and the potential energy becomes negative.
From the point of view of average potential energy, it
corresponds to the cancellation of the part of potential
energy Ecohp and E
inc
p in Eq. (6). For SNRX(T ) > 2,
the total average energy becomes negative. It means,
that the decrease of Ecohp dominates over the increase of
Eincp . This negative potential and total energy appears
however also for a linear, temperature independent force.
We therefore focus on a change of potential energy with
the temperature.
The contributions to potential energy, and the temper-
5ature derivative is
Ecohp (T ) = −
kBT SNRX(T )
2
, (12)
dEcohp
dT
= −
kB
2mω2
df2
dT
, (13)
underlining the fact that the coherent part of the poten-
tial energy can be manipulated through the temperature
change only if the membrane driving is temperature de-
pendent. The first line of Eq. (12) can be written as
Ecohp (T )−E
coh
p (T0), as well, see Eq. (8). This allows for
its interpretation as the work W, to be supplied to the
membrane to change its average position from 〈X〉f=0 to
〈X〉, cf. Eq.(25). The sign of the dEcohp /dT reflects the
sign of the change of coherent part of the potential en-
ergy with T . If this derivative is zero, the function f(T0)
can be zero for certain T0 or df/dT is zero at T0. This
second possibility trivially includes the case f 6= f(T ),
meaning that SNRX(T ) decreases as 1/T for a fixed f .
For comparison, the incoherent contribution to the
membrane potential energy reads
Eincp (T ) =
kBT
2
, (14)
which again reflects the fact that the second moments of
X do not depend on the membrane driving f(T ), Eq. (5),
hence one can not use functional dependencies of f(T ) to
increase or decrease it.
The connection between 〈H(T )〉, SNRX(T ) ≥ 0, shows
direct dependence between the temperature dependent
driving f(T ) and one of the fundamental equilibrium
thermodynamic quantities, the internal energy of the sys-
tem U = 〈H(T )〉. Therefore, in the following we inves-
tigate the thermodynamic consequences of the tempera-
ture dependent driving of the membrane and how it af-
fects the relations between equilibrium thermodynamic
potentials.
IV. THERMODYNAMICS
Thermodynamic viewpoint of the driven membrane
is different compared to the mechanical one, although
the physical system is the same. Mechanical view on
the physical system allows to measure position and mo-
mentum directly and evaluate their statistical moments.
Therefore we can split energy to kinetic and potential
part and further to coherent and incoherent parts. Ther-
modynamics does not distinguish these parts of energy.
For example, from the energetic point of view, thermo-
dynamics works with the total average energy 〈H(T )〉,
denoted as the internal energy U , for describing the equi-
librium properties of the membrane state, thus it belongs
to state variables. Other state variables of the membrane
studied here are the free energy F (T ), and the entropy
S(T ).
As in the previous section, we assume the high tem-
perature limit kBT ≫ ~ω in the following calculations.
For determination of the thermodynamic potentials we
adopt the standard approach known from statistical me-
chanics [16] and determine the partition function Z(T )
of the driven membrane as
Z(T ) = exp
[
1
kBT
f(T )2
2mω2
]
Z0(T ) (15)
= exp
[
SNRX(T )
2
]
Z0(T ),
Z0(T ) =
∑
n
exp[−E0n/kBT ], (16)
Z(T ) =
∑
n
exp[−En(T )/kBT ], (17)
where E0n and En(T ) are the eigenvalues of the Hamil-
tonians Hˆ0 and Hˆ(T ), Eqs. (1), (3), respectively. The
subscript “0” stands in the following for standard text-
book [16] situation referring to the thermodynamic quan-
tities of a plain (undriven) harmonic oscillator. From
Eq. (15) we obtain the following thermodynamic poten-
tials including the corrections to the temperature depen-
dent driving, see Figs. (5)-(7). The derivation for a more
general Hamiltonian temperature-dependence is outlined
in Appendix A. Here we apply these results to the Hamil-
tonian (3), and obtain
U = U0(T )−
f(T )2
2mω2
, (18)
F = F0(T )−
f(T )2
2mω2
, (19)
S = −
∂F0
∂T
, (20)
where we have denoted U0(T ) = 〈Hˆ0〉f=0, F0(T ) =
−kBT lnZ0, and 〈·〉 represents again the averaging over
the equilibrium Gibbs state for a given temperature T
and the full Hamiltonian from Eq. (3).
From Eqs. (18)-(20) we see that the first two quanti-
ties have additional T -dependent terms stemming from
the temperature dependent driving of the membrane by
the piston. Namely, the internal energy U = 〈H(T )〉 is
modified due to the last term in Eq. (3), corresponding
to the shift of the zero-energy level (see vertical shift of
the parabolic potential in Fig. 2). If one is to measure
the thermodynamic state quantities, or their equilibrium
changes, e.g., the internal energy U for systems defined
by the T -dependent Hamiltonians, care should be taken
of the method used. If the measurement would rely on
the state (defined by the populations of the energy levels)
of the membrane, we will obtain the result U0(T ), or its
appropriate change. On the other hand if the determina-
tion relies on the amount of energy transferred from the
surroundings to the membrane, we will obtain as the re-
sult the change of U . Similarly it holds for the free energy
F . On the contrary, the thermodynamic entropy S of the
membrane, Eq. (20), remains unchanged with respect to
the entropy of the undriven (f = 0) membrane.
6The above mentioned possibility of obtaining two dif-
ferent results for the internal energy resulting from dif-
ferent methods of its measurement is directly related
to multiple possibilities of getting another interesting
thermodynamic characteristic of a system, namely the
heat capacity. In the case of energy exchange with the
surrounding heat bath, the heat δQM enters the mem-
brane and changes its internal energy by dU0. Such a
method, e.g., the standard differential scanning calorime-
try (DSC) yields as a result the heat capacity c0(T ) given
by
c0(T ) =
δQM
dT
=
dU0
dT
= T
∂S
∂T
. (21)
Another possibility of obtaining c0(T ) is to use light and
measure statistics of position and momentum (as illus-
trated in Fig. 1), which goes beyond standard measure-
ment of energy in thermodynamics.
The second way how to define the capacity is by means
of measurement of the total mean energy of the mem-
brane, which is the mean value of the total Hamiltonian
Hˆ(T ), Eq. (3). Such capacity,
c(T ) =
dU
dT
, (22)
describes change in total energy of the membrane when
the heat bath temperature is varied. Of course, for
temperature-independent Hamiltonians (f 6= f(T )), the
both capacities c(T ) and c0(T ) are equal. The difference
between the two, i.e., the difference between dU and dU0,
is caused by work performed on the membrane during
heating, since dU0 = δQM , but dU = δW + δQM . Con-
sequently, the capacity c(T ) can not be determined from
the change of the membrane entropy, cf. last equality in
Eqs. (21). Instead, we have
c(T ) = T
∂S
∂T
−
1
2mω2
df2
dT
. (23)
Whereas, standard assumption of quantum thermody-
namics, on which we base our definition (22) is that one
can determine the mean energy of the system [17], it
is an interesting open question how to actually measure
the change in the mean energy (the capacity) for the
thermally driven membrane without need to access the
position and momentum statistics.
Equations (21) and (23) belong among main stimulat-
ing results of the paper. They show that systems with
temperature dependent Hamiltonians allow for positive,
zero or negative capacity. As an example we can assume
again f(T ) = κα(T − T0), as in Eq. (9), then
c(T ) = T
∂S
∂T
−
κ2α2(T − T0)
mω2
, (24)
where the second term changes the sign when crossing the
temperature T0, see Fig. 8. We see that the heat capac-
ity (23) of the temperature driven membrane is modified
with respect to the undriven one. This is a direct conse-
quence of the fact that the internal energy U , Eq. (18),
has additional T -dependent term compared to the case
of the bare harmonic oscillator with the Hamiltonian H0,
Eq. (1). For our particular choice of f(T ), the capacity
decreases linearly with the temperature. It reflects the
already mentioned interplay between the shift of the po-
tential minimum and the increase of thermal fluctuations
in the shifted parabolic potential. After the internal en-
ergy of the system passes through its maximum (where
the decrease of the potential minimum exactly compen-
sates the increase in thermal fluctuations), the capacity
becomes negative since the average energy of our system
decreases with increasing T .
With the change of the bath temperature T0 → T the
piston drives the membrane into the new average value
of the position 〈X〉, Eq. (4). This transition changes as
well the sum of the potential energies Ecohp + E
inc
p , thus
the internal energy U , Eq. (18), changes as well. Such a
change must be accompanied with the exchange of work
or heat with the membrane surroundings according to
the first law of thermodynamics [16]. The work done by
the piston on the membrane during the change T0 → T
is, cf. Eq. (A5)
|W (T0 → T )| =
f(T )2
2mω2
= kBT
SNRX(T )
2
= |Ecohp (T )|, (25)
being the change of the coherent part of the potential
energy in Eq. (12), as anticipated. The connection of the
work, Eq. (25), with mechanical quantities 〈X〉, Eq. (5),
and SNRX(T ), Eq. (7), is shown in Fig. 4. This value can
be compared to heat Q(T0 → T ) = kB(T −T0), the “use-
less” form of energy, that enters (leaves) the membrane
during the bath temperature change T0 → T . This ab-
sorbed (released) heat only changes theEincp (T ), Eq. (14),
and the average kinetic energy (the first term in Eq. (10)).
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FIG. 4. The connection of work, Eq. (25), with the (a) mean
value 〈X〉, Eq. (5), and (b) SNRX(T ), Eq. (7). The joint para-
metric dependence of the plotted variables on T is used in the
range T ∈ (80, 120) K. Pushing (T > T0) and pulling (T < T0)
branches of the dependences are laballed in correspondence to
Fig. 3. Energy unit E0 is the energy of the membrane ground
state. We used the model (8) and the following values [15],
α ≈ 10−12 m/K, mω2 ≈ 104 kg/s2, κ/mω2 ≈ 10−2, T0 ≈
102 K.
For further increase of the SNRX(T ) we can utilize ad-
ditional cooling mechanism to bring the membrane closer
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FIG. 5. The free energy F and F0(T ) (dashed), Eq. (19), de-
pendence on the thermodynamic temperature T (in Kelvins).
Energy unit E0 is the energy of the membrane ground state.
We used the model (8) and the following values [15], α ≈
10−12 m/K, mω2 ≈ 104 kg/s2, κ/mω2 ≈ 10−2, T0 ≈ 10
2 K.
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FIG. 6. The entropy S, Eq. (20), dependence on the ther-
modynamic temperature T (in Kelvins). We used the model
(8) and the following values [15], α ≈ 10−12 m/K, mω2 ≈
104 kg/s2, κ/mω2 ≈ 10−2, T0 ≈ 10
2 K.
to its ground state. Modeling the cooling mechanism as
membrane coupling to a low temperature bath under the
quantum optical limit assumption [18], see Eq. (B1), we
may bring the membrane to the state characterized by
the effective temperature [12] T ⋆ ≈ ǫT, ǫ≪ 1, Eq. (B7).
The temperature T ⋆ is effective because the membrane is
not in a thermal equilibrium since it is in contact with two
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FIG. 7. The internal energy U , Eq. (18), dependence on
the thermodynamic temperature T (in Kelvins). Energy
unit E0 is the energy of the membrane ground state. We
used the model (8) and the following values [15], α ≈
10−12 m/K, mω2 ≈ 104 kg/s2, κ/mω2 ≈ 10−2, T0 ≈ 10
2 K.
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FIG. 8. The capacity c(T ), Eq. (24), dependence on the ther-
modynamic temperature T (in Kelvins). We used the follow-
ing values [15], α ≈ 10−12 m/K, mω2 ≈ 104 kg/s2, κ/mω2 ≈
10−2, T0 ≈ 10
2 K. The linear decrease of c(T ) reflects the
extra energy that has to be supplied by the driving piston to
the membrane while changing its potential, Eq. (3).
heat baths: the mechanical heat bath with temperature
T and the laser “heat bath” with temperature TL ≈ 0.
Nevertheless, the Gaussian form of its stationary state
allows for effective parametrization with T ⋆. Here, T is
still the membrane heat bath temperature. This effec-
tive cooling of the membrane thermal fluctuations does
not affect the value of stationary average position, al-
though it decreases the position variance, see Eq. (B3).
For results stemming from the stationary membrane state
see Appendix (B). In this setting the improved SNR⋆X
scales as SNR⋆X = SNRX/ǫ, while the work W done
by the piston on the membrane, Eq. (25), remains the
same. This effective approach can be used to experimen-
tally verify the low temperature situation, still, however,
far from quantum limit. The effective temperature T ⋆
will change to temperature T only if the temperature of
mechanical bath is simultaneously reduced to T ⋆. This
desirable case, without any thermal heating rate, will es-
tablish once again the thermal equilibrium and all the
results of this section can be directly applied.
V. NEW PERSPECTIVES ON THERMAL
MANIPULATIONS IN OPTOMECHANICS
We have described the impact of thermal driving on the
optomechanical membrane from a mechanical, as well as
thermodynamic point of view. Mechanically, we recog-
nized that one can prepare a low-noise (in the sense of
high SNR) mechanical state of the membrane by piston
thermal expansion. Thermodynamically, such tempera-
ture dependent driving has impact on the ground state
energy of the membrane and thus modifies significantly
the membrane internal energy and its change with the
temperature.
We have pointed out that different methods, mea-
suring different aspects of the membrane state, can in
principle give different results in the heat capacity mea-
surement. Such contrast allows to access qualitatively
different properties of the membrane thermal state and
8thus could be of imminent interest for further research
on heat capacity measurement methods applicable in op-
tomechanical settings.
Future research activities will be dedicated to study
the properties of simple systems with other tempera-
ture dependent parameters, e.g., the angular frequency
of the membrane. Next step is an investigation of ther-
mally nonlinear potentials to prepare highly nonclassical
quantum states of mechanical systems. This new direc-
tion of investigation is very stimulating for a proof-of-
principle experimental investigation, possibly with levi-
tating nanospheres [19], or mechanical toroids [20].
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Appendix A: Thermodynamics of systems with a
temperature dependent Hamiltonians
Our initial assumption is that the form of the equi-
librium Gibbs state (for given temperature T ) remains
unchanged by the explicit temperature T and external
parameters {xi} dependence of the system Hamiltonian,
i.e., [16]
ρˆ =
exp[−Hˆ(T, {xi})/kBT ]
Z
= exp
[
F − Hˆ(T, {xi})
kBT
]
, (A1)
F = −kBT lnZ, Z = Tr
[
exp
(
−
Hˆ(T, {xi})
kBT
)]
.(A2)
These definitions reflect only the standard normalization
condition of the density matrix. The central quantity of
our interest is the von Neumann entropy defined in the
standard manner [16]
S = −kB〈ln ρˆ〉 = −kBTr[ρˆ ln ρˆ]. (A3)
This common definition, making use of the unchanged
state (A1), keeps also the standard [16] connection be-
tween the quantities F , S, U and T , namely
S = −kBTr
[
ρˆ
(F − Hˆ(T, {xi}))
kBT
]
=
〈Hˆ(T, {xi})〉 − F
T
. (A4)
This result allows us to interpret 〈Hˆ(T, {xi})〉 as the in-
ternal energy U of the system and F as the Helmholtz
free energy of the system. With this interpreta-
tion we can write the first law of thermodynamics as
dU ≡ d〈Hˆ(T, {xi})〉
dU = TdS +
∂〈Hˆ(T, {xi})〉
∂T
dT (A5)
+
∑
i
∂〈Hˆ(T, {xi})〉
∂xi
dxi,
where we have explicitly kept the temperature depen-
dent term, whereas xi are all other external parameters
of Hˆ(T, {xi}), e.g., the frequency ω for the case of the os-
cillator (3). The quantity S is the von Neumann entropy
(A3).
The TdS term in (A5) is thus the heat term describing
the change of the energy levels populations pn(T ) while
energies En(T, {xi}) are fixed because
TdS =
∑
n
En(T, {xi})dpn, (A6)
where En(T, {xi}) are the eigenvalues of the Hamiltonian
Hˆ(T ).
The last term in Eq. (A5) represents the work of the
external forces on the system.
The middle term interpretation in Eq. (A5) can be ei-
ther as the heat term [14] or as the work term, as adopt.
The importance of this term appears if we Legendre-
transform the internal energy U into the free energy F
[16]
dF = d(U − TS) (A7)
= −SdT +
∂〈Hˆ(T, {xi})〉
∂T
dT +
∑
i
∂〈Hˆ(T, {xi})〉
∂xi
dxi.
Form of Eq. (A7) suggests that the von Neumann entropy
S is now given as, cf. Eq. (20),
S = −
∂[F − 〈Hˆ(T, {xi})〉]
∂T
. (A8)
Appendix B: Laser cooled membrane
In this appendix, we describe the situation when the
membrane is cooled closer to its ground state by means
of the thermal energy dissipation. The Langevin-type
equations of motion for the operators describing the un-
derdamped membrane driven by the thermal piston are,
with the substitution Xˆ1 = Xˆ − f(T )/(mω
2),
˙ˆ
X1 = −
γL
2
Xˆ1 +
Pˆ
m
+
√
~
2mω
(Lˆ† + Lˆ)
˙ˆ
P = −mω2Xˆ1 −
(γL
2
+
γM
m
)
Pˆ
+
√
2γMkBTξM + i
√
~mω
2
(Lˆ† − Lˆ), (B1)
where γM is the mechanical damping constant character-
izing the Brownian motion of the membrane, γL is the
9effective damping constant due to the laser cooling and Lˆ
the Langevin force operator due to the laser cooling. We
will omit the “caret” for the operators in the following.
These equations are valid under assumptions γL ≪ ω
(quantum optical limit) and γM ≪ mω (underdamped
Brownian motion). Such dynamical equations lead the
membrane towards the Gaussian stationary state, ρst,
characterized fully by the first and second moments
〈X1〉 = 〈P 〉 = 0, (B2)
〈X2
1
〉 =
1
m2ω2
〈P 2〉 =
~
2mω
(1− ǫ) + ǫ
kBT
mω2
, (B3)
ǫ =
γM
mγL
≪ 1, (B4)
where we have assumed γM/m ≪ γL ≪ ω, consistently
with the derivation assumptions of Eq. (B1).
Equation (B3) allows for the definition of the effective
temperature T ⋆ characterizing fully the membrane state
(effectively of the canonical form). The effective tem-
perature can be introduced through the result valid for
quantum harmonic oscillator
〈X2
1
〉 =
1
m2ω2
〈P 2〉 ≡
~
2mω
(2n⋆ + 1) , (B5)
n⋆ ≡
[
exp
(
~ω
kBT ⋆
)
− 1
]−1
= ǫ
kBT
~ω
, n⋆ ≫ 1,(B6)
T ⋆ =
~ω
kB
[
ln
(
1
n⋆
+ 1
)]−1
≈
~ω
kB
n⋆ (B7)
≈ ǫT, n⋆ ≫ 1.
The canonical form of the Gaussian state with param-
eters as in Eqs. (B2), (B3) allow for formal definition of
certain (originally equilibrium) thermodynamic quanti-
ties. From these, we choose state functions, namely the
internal energy U = 〈H(T )〉, entropy S = −kB〈ln ρst〉,
and free energy F = U − T ⋆S, where the subscript “st”
stands again for stationary,
U = kBT
⋆ −
f(T )2
2mω2
, (B8)
S = kB
[
1− ln
(
~ω
kBT ⋆
)]
, (B9)
F = kBT
⋆ ln
(
~ω
kBT ⋆
)
−
f(T )2
2mω2
. (B10)
Partial derivatives of the quantities (B8)–(B10) with
respect to the T have the same dependence as in the
equilibrium case, but not the same meaning. For exam-
ple, cf. Eq. (23),
dU
dT
= ǫkB −
1
2mω2
df2
dT
, (B11)
is not the constant-frequency heat capacity. It is more a
coefficient describing the membrane ability to capture a
part of the heat flow, thus increasing its internal energy
U .
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